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A graph has been defined to be uniquely reducible if the deletion of any line 
yields a subgraph that is not isomorphic to any other suhgraph. It is shown 
here that a uniquely reducible graph without K~ or more than one isolate as 
components i asymmetric, that a regular asymmetric graph is uniquely re- 
ducible, and that a graph is uniquely reducible if and only if its line graph has 
no isomorphic point-deleted subgraphs. 
The terminology and notat ion of  [4] will be used unless otherwise 
indicated. In [5], two points u and v of  a graph G are said to be similar 
if  there is an automorphism of  G that maps u onto v. Two lines x and y 
of  G are similar i f  an automorphism of  G maps x onto y. 
I f  u and v are similar points of  G, then G - -  u is isomorphic to G - -  v. 
The converse is not true but certain condit ions under which it holds were 
investigated in [6]. Likewise if x and y are similar lines of  G, then 
G --  x ~ G - -  y. Again the converse is not true, as the graph in Fig. 1 
shows. Another  example was given in [5]. 
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FIGURE 1 
Since the graph in Fig. 1 has no pair of  points u, v such that 
G - -  u ~- G - -  v, it has no similar points. Hence its only automorphism 
is the identity map. A graph with the latter property has been called 
asymmetric [3] or an identity graph [4]. However, an asymmetric graph 
may have points u, v such that G- -u - - -~G- -v ,  as in [4, Fig. 14.9, 
p. 171]. 
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Other relations between the concept of similarity, depending as it 
does on the automorphisms of a graph, and the concept of point-deleted 
and line-deleted subgraphs were established in [5]. 
In [2], Deshpande defines a graph to be uniquely reducible if the 
deletion of any line yields a unique subgraph, that is, one not isomorphic 
to any other subgraph. The examples that he gives are all graphs with no 
pair of points u, v such that G -- u ~_ G -- v. Hence they are asymmetric. 
For convenience, we shall define two points u and v of G to be locally 
similar if G -- u _~ G -- v, and two lines x and y to be locally similar if 
G -- x ~- G -- y. With this terminology, if two points or two lines of a 
graph are similar, then they are locally similar. The examples in the 
figures already cited refute the converse. Also, a graph is uniquely 
reducible if and only if it has no pair of locally similar lines, whereas it 
is asymmetric f and only if it has no pair of similar points. 
Now suppose that G is uniquely reducible. If G does not contain Ks 
as a component, he union of G with Ks and any number of isolated 
points will yield a uniquely reducible graph that is not asymmetric. 
Consequently we shall assume that G does not contain K2 or more than 
one isolated point as components. Then the line-group of G is the identity 
group. By a theorem of Sabidussi [4, p. 162], the point-group of G is also 
the identity group. Hence G is asymmetric. 
However, not all asymmetric graphs are uniquely reducible, as can be 
seen in Fig. 1. The special class of asymmetric graphs with the property 
of regularity was studied in [1 ]. We can show that these graphs are uniquely 
reducible. Suppose otherwise so that the graph has a pair of locally 
similar lines. A regular graph is also line-regular. By [5], two locally 
similar lines in a line-regular graph are similar. But then there would be 
a nontrivial automorphism contrary to the hypothesis that the graph is 
asymmetric. 
We shall show that a necessary and sufficient condition for a graph 
to be uniquely reducible is that its line graph should have no locally 
similar points. Suppose that this condition holds for the line graph L(G) 
but that G has a pair of locally similar lines. Then by a lemma of 
Hemminger [7], the corresponding points of L(G) are locally similar, 
contrary to hypothesis. 
Conversely, let G be uniquely reducible and suppose that x and y are 
locally similar points in L(G). Neither G -- x nor G -- y can be /(3 or 
KI.~ 9 If both are connected, then since 
L(G--x) =L(G)--x~---L(G)--y =L(a--y) ,  
we can apply Whitney's theorem [4, p. 72] to conclude that G-  x ~--- 
G -- y, contrary to hypothesis. 
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Suppose that at least one of G -- x and G -- y is disconnected. Since 
L(G - -  x) and L(G -- y) are isomorphic, they have the same number of 
components, each of which is the line graph of a component of G -- x 
or G-  y. However, the latter may in addition have components that 
are isolated points. 
The components of L(G -- x) and L(G -- y) are paired isomorphically. 
Let L(G1) and L(G2) be such a pair where G 1 and G~ are the corresponding 
components of G -- x and G -- y. I f  G1 were K1,3, either K,.3 would 
be a component of G or x would be a bridge attached to K1,3 in G, neither 
of which is possible in a uniquely reducible graph. Since neither of the 
components G1 and G2 can be K1. 3 and since L(G1)_~ L(G2), we have 
Gx ~ G2 by Whitney's theorem. 
This argument matches all components of G -- x and G -- y except 
for isolated points. However, G -- x and G -- y have exactly the same 
number of points so that after matching the components that are not 
isolated points, there remain exactly as many isolated points in G -- x 
as in G -- y. Hence G -- x ~_ G -- y, contrary to hypothesis. 
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